


One of the charms of mathematics is that simple rules can generate complex and 
fascinating patterns, which raise questions whose answers require profound thought. 
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f2(F)
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“What a disappointing map this is! There are  
no secret bays, jutting peninsulas, nor ragged 
rocks in the coastline.” -Michael F. Barnsley
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f1(z) = 1 + c ⋅ z and f2(z) = 1 + c* ⋅ z

F := f1(F) ∪ f2(F)

f1(z) = 1 + c ⋅ z and f2(z) = 1 − c ⋅ z
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c ∉ M if f1(F) ∩ f2(F) = ∅
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Complex-parametric families of self-similar sets
c = 3i/5
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f1(z) = 1 + c ⋅ z and f2(z) = 1 + c* ⋅ z

F := f1(F) ∪ f2(F)

f1(z) = 1 + c ⋅ z and f2(z) = 1 − c ⋅ z

f1(z):= 1 + c ⋅ z
f2(z):= 1 + c* ⋅ z

c ∈ M if f1(F) ∩ f2(F) ≠ ∅

M{c, c*}

M{c, − c}

f1(z):= 1 + c ⋅ z
f2(z):= 1 − c ⋅ z

Complex-parametric families of self-similar sets
c ≈ 0.1028 + i0.6655



f1(z) = 1 + c ⋅ z and f2(z) = 1 + c* ⋅ z

F := f1(F) ∪ f2(F)

f1(z) = 1 + c ⋅ z and f2(z) = 1 − c ⋅ z

f1(z):= 1 + c ⋅ z
f2(z):= 1 + c* ⋅ z

M{c, c*}

M{c, − c}

f1(z):= 1 + c ⋅ z
f2(z):= 1 − c ⋅ z

Complex-parametric families of self-similar sets

c ∈ M if f1(F) ∩ f2(F) ≠ ∅

c ≈ 0.1028 + i0.6655



0.5 1.0 1.5 2.0

-1.0

-0.5

0.0

0.5

1.0

1.5

Re

Im

A = {c1, c2}

φ(w) = 1 + w1 + w1 ⋅ w2 + w1 ⋅ w2 ⋅ w3 + …

complex-valued alphabet

φ(111…) = 1 + c1 + c2
1 + … = 1

1 − c1

φ(1212…) = 1 + c1 + c1c2+… = 1 + c1
1 − c1c2

φ(112) = 1 + c1 + c2
1 + c2

1c2

φ(11) = 1 + c1 + c2
1

φ(1) = 1 + c1

φ(e0) = 1

nodes

w1, w2, w3, … ∈ {c1, c2}

TA = T{c1, c2} = T{.3 + i.6, .5 − i.3}
                                  complex tree 

letters
w = w1w2w3…word 

e0empty string root

w = w1w2w3…wk… ∈ {c1, c2}∞ = A∞

tip points φ(w)
φ(e0) = 1

φ(2) = 1+c2

φ(12) = 1 + c1
1 − c1c2

φ(1)
φ(1)

φ(2)

φ(11)

φ(112)

with 0 < |c1 | , |c2 | < 1
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F{.3 + i.6, .5 − i.3}
tipset                         complex tree 

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

φ(w)

                                  complex tree 
T{.3 + i.6, .5 − i.3}

{c1, c2} = {.3 + i.6, .5 − i.3}



FA = f1(FA) ∪ f2(FA)

0.5 1.0 1.5 2.0

-1.0

-0.5

0.0

0.5

1.0

1.5

Re

Im

π(w) = lim
m→∞

fw1
∘ … ∘ fwm

(x) = 1 + w1(1 + w2(1 + w3(1 + …))) = 1 + w1 + w1w2 + w1w2w3 + … = ϕ(w)

The tipset is a self-similar set

f1(FA) = 1+c1 ⋅ FA

f2(FA) = 1+c2 ⋅ FA

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

φ(w) {c1, c2} = {.3 + i.6, .5 − i.3}











-Calegari-Koch-Walker

Our main 
contributions:  
combinatorial 
code structure, 
inner stability, 
components 
for any n>1, 
collinear tiles, 
structure 
theorem for 
the boundary 
of 





“Asymptotic self-similarity”
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Animation: youtu.be/11NZDHNahJs

https://youtu.be/11NZDHNahJs
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youtu.be/dW4JOW-wj-Q 
Hausdorff dimension of collinear fractals for the 
accessible boundary of the Mandelbrot set ℳ2

https://youtu.be/dW4JOW-wj-Q
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