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One of the charms of mathematics is that simple rules can generate complex and
fascinating patterns, which raise questions whose answers require profound thought.
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self-similar sets

F = f,(F)Ufy(F)

L)

@)= 14c¢; -z
H(@)i=14¢, -2

C1=i/\/§ C2=—i/ 2



self-similar sets

F = f,(F)Ufy(F)

fi(@):= 1- - Z
H(2):= 140, 2

H(F)
A = {Cl’ C2}
binary alphabet
F=]C1(F)U]62(F) C1=i/\/§ C2=—i/ 2

self-similar set



Complex-parametric families of self-similar sets

f1(@):= 1+c¢(c) - 2
H@):=1+c(c) - z

A(c) == {c (), er(0)}
c,(c):=c c=(+i/7)/4

cH(c):=—c

F{c, — c}
Fy = fi(Fy) U (Fy)

self-similar set

c=(+1)/2



Complex-parametric families of self-similar sets

c=05+03i"

fi(@):=1+c¢(c) - 2
(2):= 14c5(c) - 2

A(c) == {c (), er(0)}
c,(c):=c c=(+i/7)/4

cH(c):=—c

F{c, — c}
Fy = fi(Fy) U (Fy)

self-similar set

c=1+1)/2









Complex-parametric families of self-similar sets

fi(@):=1+c¢(c) - 2
(2):= 14c5(c) - 2

A(c) == 1¢1(c), cx(0) ]
ci(c):=rc C = i/\/z

Fy = f1(Fy) U (Fy)

self-similar set

F{c, — c}
c=1+1)/2



Complex-parametric families of self-similar sets

fi(@):=1+c¢(c) - 2
(2):= 14c5(c) - 2

A(c) = 1¢i(0), 65(0) ]

c(c):=—c ¢ =il\/2 c=0—1)/2
Flc,c*} c.:=x+1y
F{c, 7€ = x — ]

Fy = f(E) UAEY .7l

self-similar set












“What a disappointing map thisis! There are
no secret bays, jutting peninsulas, nor ragged
rocksin the coastline.” -Michael F. Barnsley



“What a disappointing map thisis! There are
no secret bays, jutting peninsulas, nor ragged
rocksin the coastline.” -Michael F. Barnsley



Complex-parametric families of self-similar sets

c = 3i/5
o
fi=14+c-z
H@=1—-c-z
F = f,(F) U fy(F) cgM if fi(F)nf(F) =0
5
fik=14c-z

Hh@)=14+c*-z2



Complex-parametric families of self-similar sets

. c = i/\/z

fik=14c-z

H@D=1-c-z

F :=f,(F) Uf,(F) ceM if fIF)N[HF)#O
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fik=14c-z

Hh@)=14+c*-z2



Complex-parametric families of self-similar sets

c=—1/2-1i/2

°
fik=14c-z
H@D=1-c-z

.

F :=f,(F) Uf,(F) ceM if fIF)N[HF)#O

°
fik=14c-z

Hh@)=14+c*-z2



Complex-parametric families of self-similar sets
¢ ~ 0.1028 + i0.6655
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H@D=1-c-z

F :=f,(F) U f(F) ceM i fi(F)nfHF)#+D
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Hh@)=14+c*-z2
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Complex-parametric families of self-similar sets
¢ ~ 0.1028 + i0.6655

fi=14+c-z
H@D=1-c-z

F :=f,(F) U f(F) ceM i fi(F)nfHF)#+D

fik=14c-z
Hh@)=14+c*-z2



complex-valued alphabet A = {c{,¢,}  with 0 < |¢],]c| <1 1
p(12) =

letters W, W5, W3, .

empty string €,

.. € {cy, 00}
word W = W1W2W3 .o

root @(e)) =1

W= WWoWs.. . Wp... € {C[,0,}° =A%

tip points ¢(w)

p(111..)=1+c;+ci+...

q0(1212) =1 + Cl + C162+...

1.5
L+w +w-wy+w - wy-wy+ ...
I+c, |
1+ ¢

1 +cl+c12
I+ ¢ +6‘12+612€2

0.0
-0.5

-1.0

0.5

i
1.0 45

0.5 1.0 1.5 2.0

complex tree

by R
??01' e



- we{c(,0r}
1.5
&5 ey
o 6 gy £
0.5} %"%A‘;Bw? g_-:m £
£°65 %%
bo G5°3
0.0 ey 5‘;&5‘%
. %gh%m%wg%
05| %%%
€8 5
-1.0} %ﬁﬁ
0.0 0.5 1.0 1:5 2.0

F{3+i6,.5—i3)

U (W)

1.5

Re 0.0

Im

L
1.0 %
.

?:‘»Ar);{

0.5

T T T T T T
555,
&£ 3
e
sl g wh GOE
A S
{ V& X
. syl 8y,
&) & R ﬂ,tc& Pcge
- 22
? N
= 4 X o :
s i
}?,_' 1 = 35 AT A o
% 8
g«k‘

Ty

-0.5

-1.0

¥ ?
! | ! ! ! ! ! ! ! ! | ! ! ! ! | ! ! !

complex tree
{.3+i6, .5—13}

s Re



Fp=Flc, o) = U p(w) {c,c,} ={3+1i6,.5—i3)
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The tipset is a self-similar set















-Calegari-Koch-Walker

Our main
contributions:
combinatorial
code structure,
Inner stabllity,
components
for any n>1,
collinear tiles,
structure
theorem for
the boundary
of
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Animation: youtu.be/11NZDHNahJs

“Asymptotic self-similarity”



https://youtu.be/11NZDHNahJs

Q(C()92a3)



Q(C()9294)



Q(cp,2,5)



Q(cp,2,5)
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Hausdorff dimension of collinear fractals for the
youtu.be/dW4JOW-wj-Q

accessible boundary of the Mandelbrot set ./Z,


https://youtu.be/dW4JOW-wj-Q
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Thank Youl! WOLFRAM

Stefano Silvestri,
Martin Sombra, Warren Dicks,

Susanne Kromker, Stephen Wolfram, ...

Holomorphic Dynamics Group
Nuria Fagella, Xavier Jarque,
Toni Garijo, Robert Florido, ...

Universitat de Girona Departament d'Informatica, Matematica Aplicada i Estadistica
PhD supervisors: Joan Saldafia and David Juher, Differential Equations, Modelling and Applications Group



