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TA = T{z1}

TA = T{c1, c2, c3}
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Geometric series Complex tree 

1 + z1 + z2
1 + z3

1 + … =
1

1 − z1
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A = {c1, c2}

ϕ(w) = 1 + w1 + w1w2 + … + w1w2…wm

complex-valued alphabet

ϕ(111…) = ϕ(1) =
∞

∑
k=0

ck
1 =

1
1 − c1

ϕ(121212…) = ϕ(12) =
1 + c1

1 − c1c2

ϕ(112) = 1 + c1 + c2
1 + c2

1c2

ϕ(11) = 1 + c1 + c2
1

ϕ(1) = 1 + c1

ϕ(e0) = 1

nodes

w = w1w2…wm

w1, w2, …, wm ∈ A = {1 → c1, 2 → c2}

TA = T{c1, c2} = T{.3 + i.6, .5 − i.3}
                                  complex tree 

letters
word 

e0empty string root

w = w1w2w3…wk… ∈ {c1, c2}∞ = A∞

ϕ(12)

tip points ϕ(w)

ϕ(e0)

ϕ(2)
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F{.3 + i.6, .5 − i.3}
tipset                         complex tree 

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

ϕ(w)

                                  complex tree 
T{.3 + i.6, .5 − i.3}

{c1, c2} = {.3 + i.6, .5 − i.3}



FA = f1(FA) ∪ f2(FA)
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F1A := f1(FA) = 1+c1 ⋅ FA

F2A := f2(FA) = 1+c2 ⋅ FA

π(w) = lim
m→∞

fw1
∘ … ∘ fwm

(x) = 1 + w1(1 + w2(1 + w3(1 + …))) = 1 + w1 + w1w2 + w1w2w3 + … = ϕ(w)

The tipset is a self-similar set

f1(FA) = 1+c1 ⋅ FA

f2(FA) = 1+c2 ⋅ FA

F1A ∩ F2A = ∅

First-level pieces

r2 = |c2 | ≈ 0.58
θ2 = arg(c2) ≈ − 31∘

r1 = |c1 | ≈ 0.67
θ1 = arg(c1) ≈ 63∘

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

ϕ(w) {c1, c2} = {.3 + i.6, .5 − i.3}



ϕ(1221) = 1 + c1 + c1c2+
c1c22

1 − c1

ϕ(1331) = 1 + c1 + c1c3+
c1c32

1 − c1

ϕ(321) = 1+c3+
c3c2

1 − c1

{ϕ(231) = ϕ(1221)
ϕ(321) = ϕ(1331)

=
c2+

c2c3

1 − c1
= c1 + c1c2+

c1c22

1 − c1

c3+
c3c2

1 − c1
= c1 + c1c3+

c1c32

1 − c1

TA(z) := T{c1(z), c2(z), c3(z)}

Key idea: “tip-to-tip gluing”

{1,2, 3} → {c1, c2, c3}

ϕ(231) = 1+c2+
c2c3

1 − c1

c2(z) :=
1 − z − z2 + z3 + 1 − 2z − z2 − z4 + 2z5 + z6

2(z + z2)

c1(z) := z

c3(z) := 2 +
1
z

+ z−c2(z)



A Family of Fern-like Ternary Complex Trees

TA(z) := T{c1(z), c2(z), c3(z)}

c2(z) :=
1 − z − z2 + z3 + 1 − 2z − z2 − z4 + 2z5 + z6

2(z + z2)

c1(z) := z

c3(z) := 2 +
1
z

+ z−c2(z)

{ϕ(231) = ϕ(1221)
ϕ(321) = ϕ(1331)

0 < |c2(z) | < 1

0 < |z | < 1

0 < |c3(z) | < 1

z ∈ ℝ



A Family of Fern-like Ternary Complex Trees

TA(z) := T{c1(z), c2(z), c3(z)}

c2(z) :=
1 − z − z2 + z3 + 1 − 2z − z2 − z4 + 2z5 + z6

2(z + z2)

c1(z) := z

c3(z) := 2 +
1
z

+ z−c2(z)

{231 ∼ 1221, 321 ∼ 1331}



A Family of Fern-like Ternary Complex Trees

TA(z) := T{c1(z), c2(z), c3(z)}

c2(z) :=
1 − z − z2 + z3 + 1 − 2z − z2 − z4 + 2z5 + z6

2(z + z2)

c1(z) := z

c3(z) := 2 +
1
z

+ z−c2(z)

1 − z2 − z3 − z4 + z5 + z6 + z7

1 − z2 − z4 − z5 + z6 + z7 + z9


