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Mathematics is a process of 
staring hard enough at the 

fog of confusion to 
eventually break through to 

improved clarity. 
Thurston
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DIMENSION ONE 
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Geometric series Complex tree 
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n − ary complex tree T{c1, c2, …, cn} with 0 < |c1 | , |c2 | , …, |cn | < 1
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A = {c1, c2}

ϕ(w) = 1 + w1 + w1w2 + … + w1w2…wm

complex-valued alphabet

ϕ(111…) = ϕ(1) =
∞

∑
k=0

ck
1 =

1
1 − c1

ϕ(121212…) = ϕ(12) =
1 + c1

1 − c1c2

ϕ(112) = 1 + c1 + c2
1 + c2

1c2

ϕ(11) = 1 + c1 + c2
1

ϕ(1) = 1 + c1

ϕ(e0) = 1

nodes

w = w1w2…wm

w1, w2, …, wm ∈ A = {1 → c1, 2 → c2}

TA = T{c1, c2} = T{.3 + i.6, .5 − i.3}
                                  complex tree 

letters
word 

e0empty string root

w = w1w2w3…wk… ∈ {c1, c2}∞ = A∞

ϕ(12)

tip points ϕ(w)

ϕ(e0)

ϕ(2)
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F{.3 + i.6, .5 − i.3}
tipset                         complex tree 

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

ϕ(w)

                                  complex tree 
T{.3 + i.6, .5 − i.3}

{c1, c2} = {.3 + i.6, .5 − i.3}
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FA = f1(FA) ∪ f2(FA)
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F1A := f1(FA) = 1+c1 ⋅ FA

F2A := f2(FA) = 1+c2 ⋅ FA

π(w) = lim
m→∞

fw1
∘ … ∘ fwm

(x) = 1 + w1(1 + w2(1 + w3(1 + …))) = 1 + w1 + w1w2 + w1w2w3 + … = ϕ(w)

FA = F1A ∪ F2A

The tipset is a self-similar set

f1(FA) = 1+c1 ⋅ FA

f2(FA) = 1+c2 ⋅ FA

F1A ∩ F2A = ∅

First-level pieces

r2 = |c2 | ≈ 0.58
θ2 = arg(c2) ≈ − 31∘

r1 = |c1 | ≈ 0.67
θ1 = arg(c1) ≈ 63∘

FA = F{c1, c2} := ⋃
w∈{c1,c2}∞

ϕ(w) {c1, c2} = {.3 + i.6, .5 − i.3}
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Key idea: “tip-to-tip gluing”

ϕ(132) = 1 + c1 + c1c3

∞

∑
k=0

ck
2 = 1 + c1 +

c1c3

1 − c2

ϕ(212) = 1 + c2 +
c2c1

1 − c2

ϕ(232) = 1 + c2 +
c2c3

1 − c2

ϕ(312) = 1 + c3 +
c3c1

1 − c2

{ϕ(132) = ϕ(212)
ϕ(232) = ϕ(312)

⟹ {c2 = 1/2
c3 = 1/4c1

TA(z) = T{c1(z), c2(z), c3(z)} = T{z,1/2,1/4z}

c1(z) := z, c2(z) := 1/2, c3(z) := 1/4z

TA(i6/5/2) = T{
i6/5

2
,

1
2

, −
i4/5

2
}
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QA(i6/5/2) = {132 ∼ 212, 312 ∼ 232}

Topological set

ϕ(132) = ϕ(212)

ϕ(312) = ϕ(232)

F1 ∩ F2 = {D}

F3 ∩ F2 = {E}

TA(i6/5/2) = T{
i6/5

2
,

1
2

, −
i4/5

2
}
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QA(i6/5/2 + ϵ) = {132 ∼ 212, 312 ∼ 232}

Topological set

TA(i6/5/2 + ϵ) = T{i6/5/2 + ϵ,
1
2

, c3(i6/5/2 + ϵ)}

Structurally stable tree
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A family of tipset connected trees TA(z) := T{z,
1
2

,
1
4z

}

f1(x) := 1 + z ⋅ x , f2(x) := 1 +
x
2

, f3(x) := 1 +
x
4z

f1(x) := 1 + z1(z) ⋅ x , f2(x) := 1 + z2(z) ⋅ x , f3(x) := 1 + z3(z) ⋅ x

ℛ := {z ∈ ℂ : 1/4 < |z | < 1}

QA(−1/4 + i 3/4) = {132 ∼ 212, 312 ∼ 232, 112 ∼ 332}
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